In this paper, we consider a class of nonlocal fractional stochastic differential equations driven by fractional Brownian motion with Hurst index H > 
Introduction
Differential equations involving fractional derivatives in time are more realistic to describe many phenomena in practical cases than those of integer order in time. Fractional differential equations therefore have attracted considerable attention [-] . It is of great significance to import the stochastic effects into the investigation of differential systems in that the deterministic systems often fluctuate due to environmental noise. As a result, many researchers worked out some interesting results of stochastic differential equations; see [-] . Meanwhile, many researchers focused on research about the theory of fractional stochastic differential equations. Cui and Yan [] investigated the existence of mild solutions for neutral fractional stochastic integral differential equations with infinite delay using Sadovskii's fixed point theorem. Sakthivel et al. [] discussed the mild solutions for fractional stochastic differential equations with infinite delay and impulses. Further, they proved the existence of mild solutions for nonlocal fractional stochastic differential equations. By constructing Picard successive approximation, Wang [] established the approximate mild solutions of fractional stochastic differential equations. The existence and asymptotic stability of neutral fractional stochastic differential equations with infinite delays were studied by Sakthivel et al. [] . Benchaabane and Sakthivel [] analyzed the existence and uniqueness of mild solutions for a class of Sobolev-type fractional stochastic differential equations using Picard's iteration.
On the other hand, as an extension of Brownian motion, there have been many efforts of fractional Brownian motion (fBm) in recent years. The properties of self-similarity and non-stationary make fBm widely used in many areas; see [-] . When H =   , we cannot use the classical stochastic analysis to discuss fBm, in that it is neither a Markov process nor a martingale. Recently, many researchers focused on the study of stochastic differential equations driven by fBm; see [-, ] and the references therein.
It is remarkable that, among the previous researches, most researchers focused on research as regards integer order stochastic differential equations driven by fractional Brownian motion or fractional stochastic differential equations with Wiener process. Until now, the existence of mild solutions for fractional stochastic differential equations driven by fBm has not been investigated in the literature. In this paper, we study the existence of mild solutions for these equations of the following form:
where c D q denotes the Caputo fractional derivative of order q ∈ (  
, ] with the lower limit . Assume that a probability space ( , F b , P) together with a normal filtration {F t } t∈ [,b] are given. The process {X(t)} t∈ [,b] takes values in the real separable Hilbert space Y . A is the infinitesimal generator of a strongly continuous semigroup
, ) on a real separable Hilbert space V . F, σ , G are appropriate functions satisfying some assumptions. X  is an F  -measurable random variable independent of B H with finite second moment.
The main purpose of this paper is to study the existence of mild solutions of system (). To the best of our knowledge, the validation of many existence results of stochastic differential equations with nonlocal conditions is under the compact assumptions on nonlocal items. In this paper, we get rid of these assumptions of nonlocal items. This paper consists of five sections. Some basic results and estimates are given in Section . In Section , the existence and uniqueness of mild solutions for system () is established. An example is presented as an application of the abstract results in Section . Section  concludes the paper and presents future work.
Preliminaries
We first introduce some definitions, notations and basic preliminary facts which are used throughout this paper. For more details, see Zhou et 
Suppose that V and Y are two real separable Hilbert spaces. Let ( , F b , P) be a complete probability space with a normal filtration {F t } t∈ [,b] . We denote by P b the predictable σ -field on b := [, b] × . Space Y is equipped with a Borel σ -field B(Y ). For the strongly continuous semigroup {S(t), t ≥ } in Y , assume that
Introduce the following Banach spaces:
For X ∈ C, define the norm
We first give the definition of one-dimensional fBm.
is a continuous and centered Gaussian process with covariance function
For H =   , the fBm is then a standard Brownian motion. We assume H ∈ (   , ) in the rest of this paper. For   < H < , fBm β H can be represented over a finite interval, i.e.,
where W = {W (t), t ∈ J} is a Wiener process and
Denote by ε the linear space of step functions on J of the form
where  = t  < t  < · · · < t n = b, n ∈ N, a i ∈ R, and H the closure of ε with respect to the scalar product
The Wiener integral of φ (φ ∈ ε) with respect to β H is given by
Moreover, the mapping
is an isometry between ε and the linear space span{β H (t), t ∈ J} viewed as a subspace of L  ( ), which can be extended to an isometry between H and the first Wiener chaos of the
The image on an element h ∈ H by this isometry is called the
Wiener integral of h with respect to β H .
For any
The operator K * b induces an isometry between ε and L  [, b] that can be extended to H .
We have the following relation between Wiener integral with respect to fBm and Itô integral with respect to Wiener process:
Moreover, we have
Next, we define the infinite dimensional fBm and give the definition of the corresponding stochastic integral. Let Q ∈ L(V , V ) be a non-negative self-adjoint trace class operator defined by Qe n = λ n e n with tr Q = ∞ n= λ n < ∞, where λ n ≥  (n = , , . . .) are real numbers and {e n } (n = , , . . .) is a complete orthonormal basis in V . Define the V -valued Q-cylindrical fBm on ( , F b , P) with covariance operator Q as
where β H n are real, independent one-dimensional fBm. Define the space L
is a separable Hilbert space.
Then its stochastic integral with respect to the fBm B H is defined as follows:
Notice that if
then particularly () holds, which follows immediately from ().
where C H is a constant depending on H. If, in addition,
Further, some basic definitions and properties about fractional calculus are given.
Definition  ([, ])
The fractional integral of order q with the lower limit  for a function f can be written as
provided that the right side is point-wise defined on [, ∞), where (·) is the gamma function.
Definition  ([
Caputo's derivative of order q with the lower limit  for a function
Motivated by [, ], one can define the mild solution for system ().
Definition  A Y -valued stochastic process X ∈ C is said to be a mild solution of system (), if X() + G(X) = X  and for any t ∈ J, it satisfies the following integral equation:
where
ξ q is a probability density function defined on (, ∞) such that
Lemma  ([])
The following properties are satisfied: (i) S q (t) and T q (t) are linear and bounded operators for each fixed t ≥ , i.e.,
(ii) {S q (t), t ≥ } and {T q (t), t ≥ } are strongly continuous; 
Existence of mild solutions
In this section, we consider the existence and uniqueness of mild solutions for system ().
Define the operator T on C by (TX)(t) = S q (t) X  -G(X) + t

 (t -s) q- T q (t -s)F s, X(s) ds
The following hypotheses are needed.
Moreover, there exists a constant c  >  such that
There exists a constant L  >  such that
is measurable and there exists a constant c  >  such that
(H  ): There exists a constant c  >  such that
Lemma  Assume that hypotheses (H  ), (H  ) and (H  ) are satisfied. For any X ∈ C, t → (TX)(t) is continuous on the interval
Then, for any X ∈ C, we have
 , by the strong continuity of S q (t), we have
By Lemma  and (H  ), one can obtain
It follows from the Lebesgue dominated theorem that
Moreover, 
On the other hand, one has
Since T q (t) is continuous in the uniform operator topology for t > , we have
which implies that
Further, one can obtain
From (H  ) and Lemma , it follows that
The above arguments show that lim t  →t  E (TX)(t  ) -(TX)(t  )  = . Therefore, we con-
The proof is complete.
Lemma  Assume that hypotheses (H  ), (H  ) and (H  ) are satisfied. The operator T sends C into itself.
Proof For any X ∈ C, we have
Lemma  and (H  ) imply that
By Lemma , Hölder's inequality and (H  ), we get
From (H  ) and Lemma , one can obtain
(TX)(t) is continuous on [, b]
and so T maps C into C. The proof is complete.
Now we state and prove the existence and uniqueness result for system ().
Theorem  Assume that hypotheses (H  )-(H  ) are satisfied. Then system () has a unique mild solution on C provided that
Proof We show that T is a contraction mapping. For any X  , X  ∈ C, by (H  ), (H  ) and Lemma , one can get
It follows from () that T is a contraction mapping. According to the contraction principle, we know that the operator T has a unique fixed point X in C, which is a mild solution of system (). The proof is complete.
The following existence result for system () is based on Krasnoselskii's fixed point theorem. Firstly, the following hypothesis is introduced.
(H  ): {S(t), t ≥ } is a compact C  -semigroup. 
Proof For ∀r >  such that
let B r = {X ∈ C : X C ≤ r}. Then B r ⊂ C is a bounded closed and convex subset. Define two operators F  and F  on B r as follows:
We shall show that the operators F  and F  satisfy all the conditions of Lemma . Our proof will be divided into three steps.
Step
By (), it follows that
Thus,
Step . F  is a contraction. For any X  , X  ∈ C, according to (H  ) and Lemma , we have
Hence
In virtue of (), F  is a contraction on B r .
Step . F  is completely continuous. We subdivide this proof into three claims. Claim . {F  X|X ∈ B r } is uniformly bounded. For any X ∈ B r , by (H  ), () and Hölder's inequality, one has
Note that there exists a complete orthonormal basis {e n } n∈N of eigenvectors of A with e n (z) =  π sin(nz), n = , , . . . , and A generates a strongly continuous semigroup {S(t), t ≥ } which is compact, analytic and self-adjoint [, ]. Thus, the assumption (H  ) is satisfied. We choose a sequence {α n } n∈N , α n ≥ . Define an operator Q : V → V by Qe n = α n e n and assume that tr(Q) = ∞ n= √ α n < ∞.
Define the process B H (t) by
where {β H n } n∈N is a sequence of mutually independent one-dimensional fBm. Let
X(t)(z) = X(t, z), F t, X(t) (z) = F t, X(t, z) , G(X)(z)
System () can be written in the abstract form (). Define F(t, X(t))(z) = e -t |X(t,z)| (+e t )(+|X(t,z)|)
. One can see that F satisfies (H  ). Moreover, 
Conclusion
In this paper, the existence of mild solutions for a class of nonlocal fractional stochastic differential equations driven by fractional Brownian motion with Hurst index H >   have been investigated. First, by using the contraction principle, the existence and uniqueness of mild solutions are given. Next, the existence of mild solutions is investigated based on Krasnoselskii's fixed point theorem. Finally, an example is presented to illustrate our obtained results. In order to prove the existence and uniqueness of mild solutions, we assume that () and () are satisfied, respectively, the conditions are a little strong. Future work is to weaken theses conditions. Another important task is to study the existence results of Riemann-Liouville fractional stochastic differential equations.
